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Chapter 1
MATHEMATICAL INDUCTION

I BN Introduction

Mathematical induction is a technique for proving a statement that is asserted about
every natural number. A statement can be a theorem or a formula.

There are 4 steps that are required in a mathematical induction proof which are :

Initial Step

Show that the statement is true for the first natural number satisfied by the
statement which is n = 1 if the statement is true for all n € N .Alternatively , we
can show that the statement is true for the first 2 or 3 natural numbers satisfied
by the statement.

Assumption Step
Assume that the statement holds for n = k£ where £ € N . This is also called the
inductive hypothesis .

Inductive step

This is the most important step in a proof by mathematical induction. We have
to show that the statement is true for n = k + 1 and we must apply the results
of the assumption step in the inductive step [ i.e we should not show by direct
substitution (substituting k£ + 1 for n ) , but direct substitution is used to verify
our answer and should not be shown in our working |

Conclusion

Conclude that the statement is true for all n € N since its true forn =1, ..., for
n==%kand forn =k + 1. [If a statement is trueforn=1,n=%k & n=%k + 1 for all
k € N, then it implies that a statement is true for n = 1,2,3,4,... ie for all n € N]

Proof by induction is used to prove different types of mathematical statements . In
this book , we are going to group them as follows :

Summations
Products

Derivatives
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e Divisions
e inequalities
NB ~ these are not all mathematical statements.

Please note that if the range of » is not given in a question , then n € N

1.2

Firstly , we need to understand the sigma notation ( summation notation ). Sigma
notation has 4 parts i.e the sign ( ¥ ) , lower limit (below the sign) , upper limit ( above
the sign ) and the function ( just after sign ) as shown below

U.lim

> [

r=L.lim

For example S°_ 12 = 12 4 22 4 32 + 42 + 5% = 55,

When n is small , it is easy to compute the sums by adding the terms of r? but
when n is large , it is difficult to compute the sum .For example , if n = 10 000 you
can take 4-5 hours adding the terms of r? from r = 1 to r = 10000. So if we can find
a general formula for the sum of the first n terms , then we can compute the sum in
seconds.

The general formula of ) ", r* can be derived using method of differences as shown
below .

=r(r+l)=alr(r+1)(r+2)—(r—1r(r+1)]
=r(r+1)=ar(r+1)[(r+2)—(r—1)]
= r(r+1)=3ar(r+1)

=a=

s+ 1) =3+ 1D)(r+2) = (r = Dr(r +1)]

Introducing the sums on both sides

World Of Math S 6 Worldofmathematics.droppages.com
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= Yo r(r+ 1) =30 3+ D)(r+2) = (r = 1)r(r 4 1)]
= Yo (PP ) =33+ ) (r +2) = (r = 1)r(r + 1))

% Find > r(r+1)(r+2) — (r — 1)r(r + 1) using the method of differences as
shown below

r(r+1)(r+2) —(r=1r(r+1)
r=1 1-2-3 -0-1-2
r= 2:-3-4 -1-2-3
r=3 3-4-5 -2-3-4
r=4 4-5-6 -3-4-5
r=mn-—2 (n—2)(n—1)n -(n—1)n(n+1)
r=n-—1 n—1)n(n+1) -(n—2)(n—1)n
r=n n(n+1)(n+2) —(n—1)n(n+1)
rir+1)(r + 2) —(r—Lr(r+1)
r=1 0-1-2
=3
r=3
r=4
r=n—2
r=n-—1

r=mn n(n+ 1)(n + 2)

* o> e+ ) (r+2) = (r=)r(r+1)] = =0-1-24+n(n+1)(n+2) = n(n+1)(n+2)
=3 (P 4r)=1nn+1)(n+2)
=>4 > r=1in(n+1)(n+2)
=y rP=snn+1)(n+2) =31 r

> n_,r is the sum of the first n terms in an arithmetic progression with a = 1

and d = 1, and therefore

World Of Mathematics 7 Worldofmathematics.droppages.com
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& n
= — 1
2 r=g (n+1)

= > rr=snn+1)(n+2)—2(n+1)=¢n(n+1)2(n+2)— 3

=3 rr=%n+1)(2n+1)

St =2+ )20+ 1)

4 Using the general formula above ,
o> 12=25+1)(2-5+1)=55.and

° 210 000 .2 _ 10 000 6000(1() 000 + 1)(2-10 000 + 1) = 333 383 335 000

r=1

We derive the general formula for }"_, > but we are not sure if its true for all n € N .
May be its true for the first 100 terms only.

So we use proof by mathematical induction to prove that the general formula
is true for all n € N as shown below.

Example 1

Prove by mathematical induction that

Y o= %(m 1)(2n + 1)

Solution

Initial Step

When n=1
LHS=%)_r=12=1

RHS =3(1+1)2x14+1)=1

World Of Math S 8 TWorldofmathematics.droppages.com
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. LHS = RHS ~ the statement is true forn = 1

When n=2
LHS=Y? r?=12+22=5

RHS=2(2+1)2x2+1)=5

. LHS = RHS ~ the statement is true forn = 2

Whenn =3
LHS =37 r?=12+224+32=14

RHS=32(3+1)2x3+1) =14

. LHS = RHS the statement is true forn = 3

Assumption Step

Assume the statement holds for n = k& for all £ € N.

= Zr

k+1(2k+1)

NB ~ this is direct substitution and we should not use it in the inductive step

Inductive step

Whenn=%kF+1

D N L e

= S = 12422432+ .+ K+

= Y = [ ]+ (e 12

(k+ 1)

(k+ 1)

But Z’:zl r? = %(k 4 1)(2k + 1) from assumption step

= Yt =Ek+1)2k+1)+
= 2L = (k+ D + (k + 1)

:>2k+1 2 (k’+ )[ 2k+1)+6(k+1)]

6

- Zerll r2 — (/{5 + 1)[2k2+67k+6}

World Of Math S
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= M2 = BELog2 4 3k 4 4k + 6]
= M2 = B (k4 2)(2k + 3)
= St =tk 1+ D20k + 1) + 1)

Thus , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
..., forn=kand forn=k+1

* Given that 32", f(r) = g(n) ,then **! f(+) (in the inductive step ) is found using
the following identity

Sl fr) =2 f(r) + f(k+1)

and the result should be the same as the result we get by direct substitution i.e
g(k+1) but direct substitution should not be used in the inductive step.

_Proof|
= S5 f0) = FO)+ @)+ FG) 4+ k= 1)+ S (k) + Sk + 1)

r=1

=)+ F2) + FB) + .o+ flk—1) + f(B)] + f(k+1)
=Sk f(r) + flk+1)

Example 2

Prove by induction that

Zr?’ —1= %(n— 1)(n® + 3n +4)
r=1

Solution

World Of Math S 10 Worldofmathematics.droppages.com
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Initial Step

Whenn =1

LHS=1"-1=0
RHS=11-1)(12+3x1+4)=0

.. LHS = RHS the statement is true for n=1
Whenn = 2
LHS=[1?-1]+[22-1]=04+7=7
RHS=2(2-1)(224+3x2+4) =21 -7
.. LHS = RHS the statement is true for n=2
Whenn =3
LHS=[1®—-1]+[2*-1]+[3-1=0+7+26=33
RHS =3(3-1)(3*+3x3+4) =212 _33
.. LHS = RHS the statement is true for n=3

Assumption Step

Assume that the statement holds for n = k£ and thus we have

Zr3—1_§(k—1)(k2+3k+4)

r=1

Inductive step

When n = k + 1
= 30 ) = f0) + f(R+1)

NB ~ f(r) =1®—1

= S =1 = [T -]+ [k 1 - 1

ButY* i -1= E(k —1)(k* + 3k + 4) from Assumption step

World Of Math S 11 Worldofmathematics.droppages.com
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=M 1= Rk — DR+ 3k +4) + [(k+1)° — 1]

= Zf*ll B _1= k(k—l)(lil2+3k+4) + k3+3k2—|i3k+1—1

- Zk—i—l 3_9 _ k(lcfl)(lf+3k+4) 4 k3+311c2+3k

= Zk“ 3 _ 1=k :(k—l)(kz+3k+4) i k2+il'>k+3]

- Z,’f+11 NE R _(’f—l)(k2+3k+i)+4(k2+3k+3)}

N Zfﬂ B =k _(k3+3k2+4k7k2731274)+(4k2+12k+12)]
iy s gy _k3+6kzz-13k:+8]

NB ~ We want to factorise h(k) = k* + 6k* + 13k + 8 . Using factor theorem ,
h(—1) =1 4+6(—1)*+13(1) +8=0

and therefore (k + 1) is a factor of h(k). Devide h(k) by (k + 1) using long division to get
another factor of h(k) which is k* + 5k + 8.

- Zk—i—l 3_1—1 (k+1)(kz+5k+8)]
= S 1= B (k2 4 5k + 8)
=3 1= BN G 1 D[(k+1)2+3(k + 1) + 4]

NB ~ The last stage is the same as g(k + 1)
Therefore , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn =1,2,3
,...,forn=kand forn=%k +1
Example 3

Prove by using the principle of mathematical induction that

n
n+1

World Of Math S 12 Worldofmathematics.droppages.com
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Solution

Initial Step

Whenn =1

. LHS = RHS the statement is true for n=1

Whenn =2
LHS =

RHS—2+1:§

i-ral+h-=al =3

. LHS = RHS the statement is true for n=2

Whenn =3
LHS =

RHS—:&H:%

i+t -+ s

-4

. LHS = RHS the statement is true for n=3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

Inductive step

Whenn=%kF+1

k
1
»i-

r=1

= S ) = o)+ fR+ 1)

k+1 1 _ k 1 1 1
= 2 1;—m—[ZT:1;—m]+m—

k 1 1 1
[Zrle_H-_l]_l_k_—l-l_

k+1 1 _
:>Zr 1;_1’—5—1_

World Of Math S
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Buty ' 1- - = 75 from Assumption step

k+1 1 1 k 11
DD R fhl vt ol s el
N ZkJrl 11 k(2 +1(k+2)—1(k+1)

r=1r r+1 (k+1)(k+2)

E+11 1 K242kt
=iy T T (k1) (k+2)

k+11 1 (k+1)?
=y A= (-t 1) (k+2)

k411 1 ktl
=Dy 41 kt2

k+11 1 k+1
= Zr:l r r+1 — (k+1)+1

Therefore , the statement is true forn =% +1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3

L,forn=kand forn=%k+1

Example 4

Prove by mathematical induction that

n

Z(r—l)-(r—l)!:n!—l

r=1

Solution

Initial Step

Whenn =1

LHS=(1-1)-1-1)!=0
RHS=1'-1=0

.. LHS = RHS the statement is true for n=1

Whenn =2

LHS=[1-1)-(1-D)]+[2-1)-(2—=1)]=0-0l+1-11=1

World Of Math S 14 Worldofmathematics.droppages.com
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RHS =2—-1=1

. LHS = RHS the statement is true for n=2

Whenn =3
LHS=[1-1)-1-D]+[2-D)-2-D)]+[B-1)-B3=1]=0-0141-114+2-21=5
RHS=n!l—-1=6-1=5

. LHS = RHS the statement is true for n=3

Assumption Step

Assume that the statement holds for n = k£ and thus we have

k

dr=1)-(r—11=k-1

r=1

Inductive step

= S ) =0 )+ f(k+1)
S =)= =)=+ k+1=1) - (k+1-1)
ButYF_ (r—1)-(r—1)! = k! — 1 from the assumption
=SS —1) (=) =K —1)+k-kl =k Kkl +k -1

:Zk-i-l(r_l) r—D'=((k+1)-k -1

(k+1)! =(k+1)-k (k—1)!...3
NB ~ —(k+1)-[k-(k—1)...3
= (k+1) -kl

=S =) (r =) = (k+ 1) =1
Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
,forn=kand forn=%k+1

World Of Math S 15 Worldofmathematics.droppages.com
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Example 5

Prove by induction that the sum of the first n terms in a geometric progression with
first term ¢ and common ratio » where r > 1 is given by = (v _1)

Solution
f(i) = ar"~! and thus we want to prove that 5" o'~ ! = 21 *1 ) foralln e N

Initial Step

Whenn =1
LHS =ar'™' =aq
RHS = =) —
. LHS = RHS the statement is true for n=1
Whenn =2

LHS = [ar'™ ] + [ar* Y =a+ar = a(r + 1)

RHS — a(r?—1) _ a(r=1)(r+1) _ CL(T + 1)

r—1 r—1

. LHS = RHS the statement is true_for n=2
Whenn =3
LHS = [ar'™ ] + [ar* ]+ [ar* Y =a+ar+ar? =a(r® + 7+ 1)

RHS = “(:3__11) = a(r_ll(fﬁ”l) =a(r*+r+1)

. LHS = RHS the statement is true for n=3

Assumption Step

Assume that the statement holds for n=k and thus we have
k
—1
g art~l = —7” )
r—1

=1

Inductive step

When n=%kF+1

World Of Math S 16 Worldofmathematics.droppages.com
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= 20 f0) = X f0) + f(k+1)
= Zf+11 ar'™t = [Zf:1 ari_l} + gkt =
But Y% ari~t = “U from assumption.
= Y ar Tt = % + ar®

E+1 i1 a(r*—1)4ark(r—1)
= D ar'l = r—1

k+1 _arf—atarktl—ark)
= > ar = ]

k+1

k+1 _ar®tl—q)
= Y arl= 1

k+1 _i—1 _ a(rftl-1)
= Zz 1 a?n - r—1

Therefore , the statement is true forn =%k +1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn =1,2,3
,forn=kand forn=k+1

1.3

Firstly , we need to understand the product notation. Product notation has 4 parts
i.e the sign ( []) , lower lim ( below the sign ) , upper limit ( above the sign ) and the
function ( just after sign ) as shown below

U.lim

I s

r=L.lim

For example Hle r2=12.22.32.42 =576

The general formula for []"_, r* = (n!)?
ST, 2= ()2 =242 = 576

Another example is []7_, 5 =5x5x5x5x 5 x5 x5 =78 125

The general formula of [[_, 5 is 5".
= [, 5=5"=78125

World Of Math S 17 Worldofmathematics.droppages.com
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Example 1
Prove by induction that [["_, 5 =5"
Solution

Initial Step

Whenn =1
LHS =5
RHS =5'=5

..LHS = RHS the statement is true forn = 1
Whenn = 2

LHS =5-5=25

RHS = 5% =25

..LHS = RHS the statement is true for n = 2
Whenn =3

LHS=5-5-5=125

RHS =53 =125

.. LHS = RHS the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

Inductive step

Whenn=%kK+1

= [ 55= [Hf:l 5} X5

World Of Math S 18 Worldofmathematics.droppages.com
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But []*_, 5 = 5" from assumption

= [ 5=5"%5

= [ 5 = 5% x 5! = 5k+!

Therefore , the statement is true forn =%k + 1

Conclusion

Therefore statement is true for all n € N since the statement is true for n = 1,2,3
,forn=kand forn=%k+1

NB ~ When we are using the method of mathematical induction to prove a product
formula , we use the following identity in the inductive step

* Given that [["_, f(r) = g(n) ,then [[**] f(r) (in the inductive step ) is found using
the following identity

[T ) = [Ty £0)] x Gk +1)

and the result should be the same as the result we get by direct substitution i.e
g(k+1) but direct substitution should not be used in the inductive step.

| _Proof|
=TI () = f(1) x f(2) x f(3) x ... x f(k—1) x f(k) x f(k+1)
= [f(1) X £(2) % f(3) X ... x f(k—1) x f(k)] x f(k+1)

Example 2

Prove by induction that the product of the first n terms in a geometric progression
with first term a and common ratio » where r > 1 is given by a" np(*5)

Solution

World Of Math S 19 Worldofmathematics.droppages.com
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n(n—1)
1 1)y

f(i) = ar’~! and therefore we want to prove that [[\_, ar'~' = a"r!

Initial Step

Whenn =1

LHS =arl ' =aq

RHS = a'r"F) = ar® = ¢

. LHS = RHS the statement is true forn = 1
Whenn =2

LHS = [ar'™!] - [ar*71] = a®r

2(2—1)
RHS = a*>rCC7 ) = a%r! = a’r

. LHS = RHS the statement is true forn = 2
Whenn =3

LHS = [ar'™] - [ar®*™ ] - [ar® Y =a-ar - ar® = a’r®
RHS = a3r*5) = ¢33

. LHS = RHS the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

k

o k(k—1)
l_Icw“Z i A
i=1

Inductive step

When n=~k+1
= [T f6) = ([T, F0)] % f(k+1)
=TI @'t = [T @' x artb

k+1 _ k i—1 k
= [0 art = [Hi:l ar X ar

World Of Math S 20 Worldofmathematics.droppages.com
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k(k—1)

But [TF, ar=! = a¥r! ) from assumption.

= l_Ierl1 ari=l = gk o gk
:>Hf+11ar R
= Hk+11 ari—! = gk+1. T(@-ﬁ-k)

= 1) arit = ot (K

= Hf+11 art=1 = gkt1. T(W)

= Hk+11 art™! = gFt! 'T(W)

Therefore , the statement is true forn =% +1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn =1,2,3

,forn=Fkand forn=%k+1

Example 3

Prove by induction that

. sin2" g
H cos2'x =
msin2r

Solution

Initial Step

Whenn =1

LHS = cos2'z = cos2x

__ 2sin2xcos2x
T 2sin2x 2sin2x

sin2' e _ sinda
2lsin2x

RHS = = c0s2x

. LHS = RHS the statement is true forn = 1
Whenn = 2

LHS = cos2x - cos2*x = cos2xcosdx

sin2%t1g _ sin8x __ 2sindwcosdr __ 2(2sin2xcos2x)cosdx

__ 4sin2xcos2xcosdx

4sin2x

RHS =

22sin2x 4sin2x 4sin2x

4s1n2x

= cos2xcosdx

21 Worldofmathematics.droppages.com
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..LHS = RHS the statement is true for n = 2

Assumption Step

Assume that the statement holds for n = k£ and thus we have

Inductive step

Whenn=£k+1
= T4 £0) = [T £ < flk+1)
= [ cos2'z = [Hle 0032%] X cos2F iy

- ok+1 .
But [['_, cos2"z = 222 from assumption.

2k sin2zx

k+1 ro. _ sin2ktlg k+1
= [, cos2"z = == X cos2"

k+1 r. _ sin2ktlpcos2ktly
= [[;2] cos2"x = e

;

Using the identity sin2A = 2sinAcosA,

= sinAcosA = %
NB~
If A=2klg,

sin(2-2F+1g)

= sin2FHzcos2ktly = 5

k+1 r._ sin(2-2F 1)
= [[i2) cos2'z = 55507

k+1 ro._ sin(2t D)
= [1icy cos?’e = g

NB ~ #2000 4o the same as g(k + 1) where g(n) = $n2" e

2k +15in2x 2" sin2x

Therefore , the statement is true forn =% +1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
,...,forn=kand forn=k+1

World Of Math S 22 Worldofmathematics.droppages.com
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Example 4

Given that A = ( L4 ) . Prove by mathematical induction that A"*! = ( ) 4-9 )

2 8 2-9" 8-9"

Solution
n n+1
NB ~ A 1 = Hri_l A

Initial Step

Whenn =1

LHS =A™ = A2=Ax A
LIS — 1 4 L 4\_(Ix1+4x2 1x4+4x8\_( 9 36
S\ 2 8 2 8 2Xx14+8x2 2x4+8x8 18 72
9t 4.9! 9 36
RHS_<2-91 8-91>_<18 72)
.. LHS = RHS the statement is true forn = 1

Assumption Step

Assume that the statement holds for n» = k£ and thus we have
ok 4.0k
E+1
AT = ( 2.9F 8.9k )

Inductive step

Whenn=%kFk+1

= LHS = A(k+1)+1 — A x Ak+1

9k  4.9%
2-9% 8.9

1 4 9k 4.9%
:>LHS_(2 8)(2-9k 8-9’“)

ok 44 x 2.0k 4-9F 4 x 8.9k )

But A = ( ) from assumption

:>LHSZ(2><9’“+8><2-9’“ 2x4-9F4+8x 8.9

World Of Math S 23 Worldofmathematics.droppages.com
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9.9% 369"
;‘LHS_(ls-g’f 72-9k>

ol. 9% 4.9l.9k
:LHS_(2.91~9k 8-91-9’“)

9k+1 4.9k+1
:>LHS:(29k+1 89k+1)

Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true foralln e N .

1. Use the principle of mathematical induction to prove that the following state-
ments are true for all n € N

(@ >  2r=n(n+1)
(b) Y0, 3 +r=n(n+1)>
(C) Z 1T — n4+1)2

(d) Zr=1m:1—#l
(€ >  3r(r+1)=n(n+1)(n+2)

6] Z?—l ( r+11 (r+2) i ~ 2(n+1§(n+2)
(@ >l  6-7=177-1)

_ 3 2n+43
(h) Zr:l n( n+2 =1 (n+1)JEn+2)

@) > cos(2r — 1) = n2nx

2sinx

) 1-44+4-74+7-10+...+Bn—2)-Bn+1)=3n3+3n?—-2n
2. Prove the following statement by using the method of mathematical induction
3-U+7-204+13-3+...+(nP+n+1)-nl=n+1)72-n -1
3. Prove by induction that []'_, #%" = z"("+D
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4. Prove by using the principle of mathematical induction that

117" =y

where m , n € Z*

2n=1 0 2nt 1 01
5. Prove by induction that [["_, A = o 1 0 where A= 0 1 0
2r=t 0 2nt 1 01

1.4

In this section , we should know how to differentiate different types of functions.
Mathematical induction is used to prove the general formula for the nth derivative of a

certain function or for the derivative for a certain function. We are going to start with
nth derivatives.

1.4.1

d3(:1312)

If we are asked to find =, we differentiate y = «'* three times i.e

The general formula for the nth derivative of y = 2" is given by “¥ = 2" for y > p,

dzm (r—n)!

So when r = 12 and n = 3 , then we have 337%){ = 15’5;? = 1227 — 132029 .

In the example above , you can see that its easy and less time consuming to com-
pute the nth derivative using the general formula . So we use mathematical induction
to prove if the general formula for the nth derivative is true for all n € N. The following

example show the proof of the above formula using the principle of mathematical in-
duction.
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Example 1

d"x” rlgh—"

dx™ (r—nm)!

Prove by induction that

Solution

Initial Step

Whenn =1
LHS = %(:{;T) =gt

B o Gt 1 NN |
RHS = 11 — -t "7

.. LHS = RHS the statement is true forn = 1
Whenn = 2

LHS = %(rm’"*l) =r(r—1)az"2

_orlam2 _ re(r=1)(r=2)-(r—3)--3-2-1xz" "2 _ .
RHS = (r=2)t ™ (r—2)-(r—3)--3-2-1 . = 7'(7’ — 1)1‘ 2

..LHS = RHS the statement is true for n = 2

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

dkx" rla—k

dz* — (r —k)!

Inductive step

Whenn=%k+1
dk+1 _d dky
= @ T @ (m

k.1 r—k .
But 627‘2 = 2" from assumption

(r—Fk)!
dk+1y _d rler—k
= @t = dz \ (=R
ditly  (r—k)rlam—k—1
= @F T (k)
ditly  (r—k)rlam—F1

G Tl v o oy |

NB~(r—k)!'=(r—-k)-r—k-1)-(r—%k-—2)...3-2-1,

but(r—k—1)-(r—k—2)...3-2-1=(r—k—1)!
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=0r—kK'=@r—-FkF- -(r—kF-1)!

dEtly =kt
daF T = (r—(k+ 1)

Therefore , the statement is true forn =%k +1

Conclusion

Therefore the statement is true for all n € N since the statement is true for n = 1,2
,...,forn=kand forn=FkF+1

% The identity which is used in the inductive step for the nth derivatives is given by

dtly _ d (dry
dzktl T dx \ dxzF

Example 2
Prove by induction that ££ = sin (:Jc - W) where y = cosx

Solution

Initial Step

Whenn =1

LHS = % = —sinT

RHS = sin (ZB + @) = sin(x + m) = sinxcosm + cosxsinm = sinx(—1) + cosz(0) = —sinx
NB ~ sin(A+ B) = sinAcosB + cosAsinB

.. LHS = RHS the statement is true forn =1

Whenn = 2

LHS = dif% = 4 (—sinx) = —cosz

RHS = sin (:c + %) = sin (z + %) = sinzcos (3 ) +coswsin (2) = sinz(0)+cosz(—1) =

—COST
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..LHS = RHS the statement is true for n = 2

Whenn =3

LHS = % = L (—cosz) = sinx

RHS = sin (IB + %) = sin(x + 2m) = sinxcos2m + cosxsin2m = sinx (1) + cosx(0) = sinx
.. LHS = RHS the statement is true forn = 3

Assumption Step

Assume that the statement holds for n = k£ and thus we have

% = sin <m + @)
Inductive step
Whenn=%F+1
But % = sin (x + W) from assumption
= % = % <5m(w—|—@>>
= % = lcos (x—l—@)
= Zi:—i?f = sin Kx + (kJrTl)W) + %} Using the identity cosX = sin(X + %)

2 i (i 4 L)
Therefore , the statement is true forn =%k + 1
NB ~ sin (x + M) is the same as g(k + 1) given g(n) = sin (x + @)

2

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
,...,forn=kand forn=F%k+1

Now lets look at the following examples (for the first derivatives).
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1.4.2 1st derivatives

Definition of a derivative : Given f(x) where f(z) is any function (continuous), then
f'(x) is given by

f/<x)=@=hmf(x+h}z_f($>

dr  h—0

For example , if f(z) = 2" , then

f(z) = (% = limy, 0 f(z+h}1_f(m) = limy, 0 (m—i—h)h”—x"

n n
x"—i—hnm"_l-i-( 9 >h2z"_2+< 3 )hSz"_?’—i-...—I—h"—a:"

f(x) = limy_0 -

n n
hn:r”_l—l-( 9 )hzxn_2+< 3 >h3m”_3+...+h"

f(x) = limy h

f/(z) = limy,_ { na" ! 4+ ( g ) ha™2 + ( g ) h2xn =3 4+ ... 4 !

fi(x) =na"! + ( Z ) (0)z"2 4 ( ;L ) (O S ()

/() = na!

We derive the general formula for the derivative of f(z) = 2”. So we use mathematical
induction to prove that the formula is true for all n € N as shown in the example below.

NB ~ the LHS of the initial step is differentiated using differentiation from first principles
(i.e using the formula of f'(z)) ,and we use product rule in the inductive step

Prove by induction that £ (z") = nz"!

Initial Step
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Whenn =1

LHS =L(z")
= limy, 0 f(90+h});f(l")
= hmh*)(j (CC+Z)7I

= limy0 2 = limy 01 =1
RHS =121 =12 =1
.. LHS = RHS the statement is true forn = 1

Assumption Step

Assume that the statement holds for n = k£ and thus we have

d

%(xk) = kbl

Inductive step

Whenn=~Lk+1

S LHS = £ () = £ )

= LHS =% L(z)+ 2 L(z")

= LHS =% -1+ 2 L(a")

But L (2%) = ka*~! from assumption

= LHS = 2"+ z(kak1) = 2% + kat

= LHS = (k+1)z*

= LHS = (k+ 1)z*+b-1

Therefore , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn =1,2,3

,...,forn=kandforn=%k+1
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Example 4
Prove by induction that - sin(nz) = ncos(nz)
Solution

Initial Step

Whenn =1

LHS = %smx = limy,_,

flath)—f(z)
h

sin(z+h)—sinx
h

sinzcosh+cosxsinh—sinx
h

= limy, o = limy, 4o

LHS = hmh~>0 sinxcoshhfsinx 4 limhﬁo cosx]finh = SinT hmh%O 605271 & coST hmh%O Si]?h
In this section we are not concerned with evaluating limits. So we are going to use a
very simple method i.e h is approaching zero , so we let h be a very small number , for

example i = 0,000 000 001 .Thus we have limj,_,o 2= = 0 and lim,_,o 22 =1

LHS = sinz(0) 4 cosxz(1l) = cosx
RHS = 1cos(1x) = cosx
.. LHS = RHS the statement is true forn = 1

Assumption Step

Assume that the statement holds for n = k£ and thus we have

d
%sm(kx) = kcos(kzx)

Inductive step

Whenn=%k+1

= LHS = Lsin[(k + 1)x]

= LHS = Lsin(ks + x)

= LHS = L(sinkzcosx + coskasinz)

= LHS = sinkz(—sinz) + cosz-:(sinkz) + coszcoskx — ksinzsinkz

= LHS = cosz-:(sinkz) + coszcoskx — [ksinzsinkz + sinzsinkz]
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But Lsin(kz) = kcos(kx) from assumption

= LHS = kcoszcoskx + cosxcoskx — [ksinxsinkx + sinxsinkz]
= LHS = (k+ 1)cosxcoskx — (k + 1)sinzsinkz

= LHS = (k+ 1)[coszcoskx — sinxsinkzx]

= LHS = (k+ 1)cos(kz + x)

= LHS = (k+ 1)cos(k+ 1)x

Therefore , the statement is true for n = k + 1

Conclusion

Therefore the statement is true for all n ¢ N

Example 5
Prove by induction that -£(z"e"*) = n(z + 1)z"'e"
Solution

Initial Step

Whenn =1

' x —f(x . T elzt+h) _poz
*LHS = ‘L(z'e!™) = limy, g w = limy, o %

. h)eh— . h h_
LHS = e*limy_so (H)% = % lim;,_,0 W

LHS = ¢ [limp o 2572 + iy 25"
LHS =¢€* [m limy, ehT_l + limy, eh}
LHS =e*[z(1) +1]

LHS = (z + 1)e®

*RHS = 1(z + 1)z*7tel® = (z + 1)e®

.. LHS = RHS the statement is true forn = 1
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Assumption Step

Assume that the statement holds for n = k£ and thus we have

d
d—(:vkek’”) =k(x+ 1)xk_lekx
x

Inductive step

Whenn=%+1

= LHS = 4(gh+lelhre)

= LHS = %(xex_xkekx)

Using product rule

= LHS = (z+1)e” - a*et +ze® - 7 (abeM)

But L (z%e") = k(z 4+ 1)z*'e™ from assumption
= LHS = (v + 1)e” - abe + we® - k(w + 1)zt 1M
= LHS = 1(z + 1)aFek*+® 4+ k(z + 1)akekrte

= LHS = (k+1)(z + 1)akekete

= LHS = (k+ 1)(z + 1)zttt

Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true for all n ¢ N

Example 6

Prove by induction that

d" 1 _ (=2)"-n!
dzn \22+1)  (2z + 1)n+!
Solution
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Initial Step

Whenn =1

_dt 1 _ d 1 _ d -1 _ =2
LHS = 35 (5) = ax (o) = 22+ 1) = = e
RHS — (=2t 21 -2

= — —

2z+1)1+1 (2z+1)2 (22+1)2

o.LHS = RHS ( the statement is true for n=1)

Inductive hypothesis

Assume that the statement holds for n = k£ and thus we have

d* 1 (=2 R
ded \2z+1)  (2z + 1)k+!

Inductive step

Whenn=%k+1

= £ (5) = & | & (&)

but L (557) = é;ﬂiﬁl from inductive hypothesis.
dkt1 1 _d | (=2)kk
e (2:c+1) — dx |:(2a:+1)k+1:|

=L [(=2)F k! (22 + 1)+

s
= (=2)F Kkl [—(k+ 1D)](2z + 1)~ k=1 x 2
= k! (k4 1)(22 4 1)k +2)
= (k+1)- k(20 + 1)~ *+2)

(=R (k1) K
= T (2at1)ER2

(~2)++!
TR

(=2)F+1 (k1)1
= “QefDFrI

Therefore , the statement is true forn =%k +1

Conclusion
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Therefore the statement is true for all n € N

NOTES
1. Lia(bz + ¢)"] = an(bz + )" x L(bx + ¢) = an(bx +¢)"' x b

2. When n = k + 1, by direct substitution, we have

L ( . )— (=2 (k1)
dxkt1l \22+1/) = (2z+1)kH1+1 *

Note : we should not use direct substitution in the inductive step.

3. nl=nxn—-1)xn—-2)x(n—3)x...x3x2x1
Whenn==Fk kl=kx(k—1)x(k—2)x(k—3)x...x3x2x1
Whenn=k+1, (k+1)!=(k+1)xkx(k—1)x(k—2)x(k—3)x...x3x2x1
Therefore

For example,

Bl=5x4x3x2x1=120

&
Bl=5x4l=5x(4x3x2x1)=5x24=120

W3 Divisions |

In this section , we need to understand the term divisible. If a statement P(n) is
divisible by N where n and N is are positive integers (natural numbers) , then P(n)+ N
is an integer . Let that integer be a.

> % = a , which implies that P(n) = Na

So if we are given a question “Prove by induction that P(n) is divisible by N” , the first
thing to do is to equate P(n) to Na and then prove by induction that P(n) = Na for
some a € Z

Example 1
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Prove by induction that 11" — 1 is divisible by 10 for all n € N .
Solution
We are asked to prove that 11" — 1 = 10a _for some integer a

Initial Step

Whenn =1
LHS =11'—1=10=10(1) = RHS
.. the statement is true forn =1

Whenn = 2
LHS =112 —1 =120 = 10(12) = RHS
.. the statement is true for n = 2

Whenn =3
LHS =113 —1=1330=10(133) = RHS
.. the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

11 — 1 = 10a

Inductive step

Whenn =%k +1

= Plk+1) =11 —1=11F. 11! — 1

= Pk+1)=11-11" -1

But 11* = 10a + 1 from assumption

= P(k+1)=11(10a+ 1) — 1 = 11 10a + 11 — 1
= P(k+1)=10-11la+ 10

= P(k+1)=10[11a + 1]

Therefore , the statement is true forn =%k + 1
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Conclusion

Therefore the statement is true for all n € N since the statement is true forn =1,2,3
,...,forn=Fkand forn=%+1

Example 2
Prove by induction that n® — n is divisible by 5
Solution

Initial Step

Whenn =1
LHS =15 —1=0=5(0)
.. the statement is true forn =1

Whenn = 2
LHS =2°—2=30=5(6)
.. the statement is true for n = 2

Whenn =3
LHS = 3> —3 =240 = 5(48)
.. the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

kS — k= 5a

Inductive step

Whenn=~k+1

= Pk+1)=(k+1)P°—(k+1)

= P(k+1) = k%4 5k* + 10k + 10k* + 5k + 1 — (k + 1)
= P(k+1) = k% + 5k* + 10k + 10k* + 5k + 1 — k — 1

= P(k+1) = (k® — k) + 5k* + 10k* + 10k* + 5k
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But k% — k = 5a_from assumption
= P(k+1) = 5a + 5k* + 10k® + 10k* + 5k

= P(k+1) =5[a+ k* + 2k* + 2k* + K]

Therefore , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
,...,forn=kand forn=F%k+1
Example 3
Prove by induction that n® — n is divisible by 6
Solution

Initial Step

Whenn =1
LHS =13 —1=0=6(0)
.. the statement is true forn =1

Whenn =2
LHS =23 —2=6=06(1)
.. the statement is true for n = 2

Whenn =3
LHS =33 —3=24=06(4)
.. the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have

kE — k= 6a

Inductive step

When n=%kF+1
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= Plk+1)=(k+1°—(k+1)

= Pk+1) =k +3k*+3k+1—(k—1)
= Pk+1) =k +3k% + 3k — k

= Pk+1)=(k3—Fk)+3(k*+k)

But k? — k = 6a_from assumption

= P(k+1)=6a+3(k*+k)

~ k*+ kiseven forallk € N

Proof
Using proof by cases

When k is even i.e k. = 2m for some m € Z*

then k* + k = (2m)? + 2m = 4m? + 2m = 2[2m? + m] thus is divisible by 2 .

When k is odd i.e k. = 2m — 1 for some m € Z+*

then k> + k= (2m —1)>+ (2m —1) =4m? —4dm + 1+ 2m — 1 = 4m? — 2m = 2[m? — m| thus

is divisible by 2 .

So this implies that £? + & = 20 for some b € Z*

= P(k+1) = 6a + 3(2b) = 6a + 6b = 6a + b]

= P(k+1) = 6[a + b]

Therefore , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3

,...,fornm=kandforn=%k+1

Example 4

Prove by induction that 6**~! + 8**~! is divisible by 14

Solution

Initial Step
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Whenn =1
LHS = 6201 48201 = g1 4 81 = 14 = 14(1)
.. the statement is true forn = 1

Whenn = 2
LHS = 6>~ + 822-1 = 63 4 8 = 728 = 14(52)
.. the statement is true for n = 2

Whenn =3
LHS = 62371 4 820301 = 65 4 85 = 40 544 = 14(2 896)

.. the statement is true forn = 3

Assumption Step

Assume that the statement holds for n = k£ and thus we have

62" + 871 = 14a

Inductive step

Whenn=~Fk+1

= P(k+1) = 62k+)-1 4 g2(kt1)—1

= P(k+1) = 6%+271 4 g2k+2-1

= P(k+1) = 62142 4 g2k—142

= P(k+1)=06%"1.6 8% 1.8

= P(k+1)=36-6"""+64-8%"

But 6*~! + 8%~1 = 144 _from assumption
NB ~ We can make 62! or 8%~ the subject of formula
> 6261 — 14¢ — g2k—1

= P(k+1) =36 (14a — 8%*7!) 4 64 - 8%~1
= P(k+1)=36-14a — 36 - 82k~ 4 64 . g%~1

= P(k+1) =14 - 36a + 28 - 821
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= P(k+ 1) = 14[36a + 2 - 8%71]

Therefore , the statement is true forn =%k + 1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3
,...,fornm=kand forn=%k+1
Example 5
Prove by induction that 37! . 26n+6 4 9. 331 j5 divisible by 15
Solution

Initial Step

Whenn =1
LHS =311 26(W+6 1 9. 33()-1 = 32.912 4 9. 32 = 36 945 = 15(2 463)
.. the statement holds for n = 1

Assumption Step

Assume that the statement holds for n = k£ and thus we have

3k+1 X 26k+6 4 9 X 33]671 — 15&

Inductive step

= p(k 4 1) — 3(k+1)+1 | 96(k+1)+6 +9. 33(k+1)—1

= P(k + 1) — 3k+1+1 . 26k+6+6 + 9. 33k71+3

= P(k41) = 3k+1.31.96k46 96 | g 38k-1 .33

= P(k+1) =192 3" .20k46 4 943 . 331

But 3F+1 . 206k+6 — 15 — 9. 3¢~ from assumption

= P(k+1)=192 (15a — 9 - 3%~1) + 243 . 33+~1
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= P(k+1)=192-15a — 192 -9 - 331 4 243 . 33+-1
= P(k+1)=15-192a — 1 728 - 33%k~1 4 243 . 33k~1
= P(k+1)=15-192a — 1 485 - 33!

= P(k+ 1) = 15[192a — 99 - 33*71]

Therefore , the statement is true forn =% +1

Conclusion

Therefore the statement is true for all n € N since the statement is true forn = 1,2, 3

,...,forn=kandforn=%k+1

1. Prove the following statements by mathematical induction for all n € N

(@) n?+ n is divisible by 2

(b) 7™ — 3" is divisible by 4

(c) 2-17" — 2 is divisible by 32

(d) 32! — 3 is divisible by 24

(e) 12" + 2. 3" is divisible by 6

() n* + 10n3 + 35n% + 50n + 24 is divisible by 8
(g) 3ntl.2%+2 4 2.37+2 js divisible by 18

2. Prove the following statements by mathematical induction for all n € N

d*(in9z) _ (=1)"*t1.(n—1)!
(a) dzn "
(b) M — TQSiTL(Tx + ﬂﬂ-)
2

dx™

3. Prove by induction that - (32" 4 5¢"*) = 3na™ ' 4 5ne™ for all n € N

4. Prove by induction that n? + 7n + 12 is even for all n € N
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1.6 PLTLLEISTE

In this section , we should know laws of inequalities . An inequality is used to com-
pare two values . For example , if we are given that a<b , it means a is less than b ,

a>b means a is greater than v, ...

There are many laws of inequalities and in this section the most important law is
the transitive law. In inequalities , the transitive law states that :

Law 1 : Transitive law

If a<b and b<c , then it implies that a<c and the reverse is true

For example , if Victoria is younger than Peace and Peace is younger than Austin ,
then its obvious that Victoria is younger than Austin.

The following example is another example of transitive law

Another example of transitive law

Ifa<bandb =c¢ ,thena < c

So if we are given a<b =c=d<e = f<g<h=1i<...<y =z,
then using the transitive law , it implies that a<z.

The following laws are also useful in this section.

Law 2

(@) If b<c,thena+b < a+c, and
(b) If b>c , then a + b>a + ¢

Law 3

(a) If b is positive , then a + b>a , and
(b) If b is negative , then a + b<a
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Law 4

(@) If a>0 and b>c , then ab>ac
(b) If a<0 and b>c , then ab<ac

Law b5

If « and b are both positive or negative and a<b , then 1>; and the reverse is true

Example 1
Prove by induction that n*>n for n>1
Solution

Initial Step

NB ~ We start fromn = 2 since n>1

Whenn =2
LHS =2°=4
RHS =2

..LHS>RHS , the statement is true forn = 2

Whenn =3
LHS =3%2=9
RHS =3

.. LHS>RHS , the statement is true forn = 3

Assumption Step

Assume that the statement holds for n» = k£ and thus we have
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k*>k

Inductive step

When n=%Fk+1

= LHS = (k+1)?

= LHS =k*+2k+1

But k* > k_from the assumption

= LHS = K>+2k+1>k+2k+1 (using Law 2(b) )
= LHS > k+ 1+ 2k (transitive law)

= LHS >k+1+4+2k>k+1 (using Law 3(a) since 2k is positive [k>1 = > 2k>2 &
thus 2£>0 since 2>0])

= LHS >k+1 (Using transitive law)
= (k+1)*> (k+1)
Therefore , the statement is true forn =%k +1

Conclusion

Therefore the statement is true for all n € N

Prove by induction that 2" ! < (n + 1)!

Initial Step

Whenn =1
LHS =211 =920 —-1

RHS = (1+ 1)l =21 =2
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-.LHS<RHS , the statement is true forn =1
Whenn = 2

LHS =221 =21 =2

RHS = (2+1)! =31 =6

..LHS<RHS , the statement is true forn = 2
Whenn =3

LHS =23"1=22=4

RHS =3+ 1) =41=24

.. LHS<RHS , the statement is true forn = 3

Assumption Step

Assume that the statement holds for n = k£ and thus we have

1< (k +1)!

Inductive step

Whenn=~%k+1

= LHS = 2k+1—1 - 2k—1+1 —=9. 2k—1

= LHS =22k

But 28"1<(k + 1)! from assumption

= LHS =2 -281<2(k +1)! (Law 4(a) )

= LHS<2-(k+1)! (Using transitive law)

Since k£ € N ,then k>0 ,which is the same as 0<k . Adding 2 on both sides , we have
2<(k + 2). Multiplying by (k+1)! both sides we have 2 - (k + 1)!<(k + 2) - (k+ 1)!.
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= LHS<2 - (k+1)!<(k+2)-(k+1)!

= LHS<(k+2)-(k+1)!

= LHS<(k+2)-(k+1)-k-(k—1)-...-3-2-1
= LHS<(k+ 2)!

= LHS<(k+ 14 1)!

= 2P (b + 1+ 1)!

Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true for all n € N

Example 3
Prove by induction that 2" > n? for n > 4
Solution

Initial Step

Whenn =14
LHS =2*=16
RHS =42 =16

o.LHS > RHS ~ the statement is true forn = 4

Whenn =5
LHS =2°=32
RHS =5%>=25

.. LHS > RHS ~ the statement is true forn =5

Assumption Step
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Assume that the statement holds for n» = k£ and thus we have
ok > |2
Inductive step

= LHS =21 =2.2*

But 2% > k? from assumption

= LHS =2-2F>2.k* = k? + k?

= LHS > k*+k?

But we are given that k > 4 which implies that k* > 4k
= LHS > k> + k> k> + 4k

= LHS > k?+ 2k + 2k

But k > 4 which implies that 2k > 8

= LHS >k?>+2k+2k>k?>+2k+38

= LHS >k +2k+8>k*+2k+1 (since 8 > 1)
= LHS >k +2k+1=(k+1)?

= 2R > (k4 1)2

Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true for all n > 4 where n € N since the statement is true
forn=4,5,...,forn=kand forn=%k+1

Prove by mathematical induction that |sinnz| < n|sinz| for all n € N
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Solution

Initial Step

Whenn =1

LHS = |sinlx| = |sinz|

RHS = 1|sinx| = |sinz|

.. LHS < RHS ( the statement is true for n=1)

nb~ LHS < RHS means LHS = RHS or LHS<RHS

Whenn = 2

LHS = |sin2x| = |2sinzcosx| = 2|sinz||cosx|

RHS = 2|sinx|

.. LHS < RHS ( the statement is true for n=2) NOTE 1

Inductive hypothesis

Assume that the statement holds for n» = k£ and thus we have

|sinkz| < k|sinz|

Inductive step

Whenn=%k+1 NOTE A

= LHS =|sin(k+1)z|

= |sin(kx + x)| by expanding (k + 1)x

= |sinkxcosx + coskxsin| using compound angle formula

< |sinkxcosz| + |coskxsinx| using triangle inequality ( NOTE 2)
< |sinkx||cosx| + |coskx||sinx| using transitive law ( NOTE 3)
But |sinkx| < k|sinx| from inductive hypothesis
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= LHS < k|sinz||cosz|+ |coskx||sinz|
But |coskx| <1 and |coskx| <1
= kl|sinzx||cosx| + |coskz||sinz| < k|sinx| -1+ 1- |sinx| wusing transitive law
= LHS < k|sinz|+ |sinz| = (k + 1)|sinx|
< (k+1)|sinx| = RHS
= LHS < RHS
= |sin(k + 1)z| < (k4 1)|sinz]
Therefore , the statement is true forn =k + 1

Conclusion

Therefore the statement is true for all n € N

NOTES FOR EXAMPLE 4

NOTE A

By direct substitution , whenn =k + 1 ,then :
|sin(k 4+ 1)| < (k + 1)|sinz|

e So we must prove that |sin(k + 1)| < (k + 1)|sinz| in the inductive step ( do not use
direct substitution ) .

We must apply inductive hypothesis in the inductive step.

e NB ~ You should know Laws of Inequalities when proving mathematical induction
statements with inequalities.

NOTE 1

e We know that cosine of any angle ranges from -1 to 1 i.e —1 < cosx < 1, which
implies that |cosz| < 1.

e We also know that the modulus of any function is positive (or equal to O ) i.e |sinz]|
is positive. If we multiply 2 positive numbers the result is positive (direct numbers)
and thus 2|sinz| is positive .
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e In Laws of inequalities , there is a Laws which states that :
Ifa<bandc >0 ,thenac < bc
This means that if we multiply both sides of an inequality by a positive number ,
then the inequality sign will not change.

e Using the Law above,
lcosz| < 1 and 2|sinx| > 0, then 2|sinz||cosx| < 2|sinz
whenn = 2

, and therefore LHS < RHS

NOTE 2

e Triangle inequality states that
|a +b] < |af + [b]

NOTE 3

e Transitive law states that

Ifa<bandb<c, thena<c & Ifa>bandb > c,
thena > c

e This implies that ifa <bandb=c, thena <c

e Therefore if LHS < |sinkzcosz|+ |coskxsinz| and |sinkzcosz| + |coskxsinz| = |sinkx||cosx| + |cosk:
, then LHS < |sinkz||cosx| + |coskzx||sinx|
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1WAl MATHEMATICAL INDUCTION QUESTIONS

1

2.

10.

11.

12

13

Prove by induction that (1 + )" > 1+ nz for x> — 1 and for all n € N

1 1
szni(n—ﬁjl)lxszngnx forall n € N
sing

Prove by induction that _"_, sinrz =

Prove by induction that [['_, r* = (n!)? for all n € N

Prove by using the method of mathematical induction that 12"! 4 25" is divisible
by 13 for alln € N

Prove by induction that 12" + 8"*! — 2"+ is divisible by 6 for all n € N

Prove by using the principle of mathematical induction that > "  a + (r — 1)d =
% [2a + (n — 1)d] where a and d are constants , and n € N

Given that = and y are positive , prove by induction that (z + y)" > 2" 4 y" for all
neN

n IQ rz)

Prove by induction that © ) = pny2er® 4 2pr e 4 n(n — 1)r"~2¢" for all n € Z*

" (zsin)

Prove by induction that ¢ 0 = wsin(z + 27) + nsin(z + “2w) for all n € Z+

Prove the following statements by using the method of mathematical induction

(@) 10™ — 1 is divisible by 9 for all n € N

(b) 2™ — 1 is divisible by (x — 1) for all n € N

(a) Show by using the principle of mathematical induction that n®+9n*+26n+24
is divisible by 6 for all n € N

(b) Hence , prove that n' + 10n® + 3502 + 50n + 24 is divisible by 24 for all n € N

using mathematical induction

Prove by induction that n? + 3n + 3"°*" is divisible by 2 for all n € N

. (29
leenA—<1 9

) , prove by induction that
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